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1. Introduction and preliminary
All Lie algebras are considered over a ﬁxed ﬁeld Λ and [ , ] denotes the Lie bracket.
Let L be a Lie algebra presented as the quotient of a free Lie algebra F by an ideal R . Then we
deﬁne the c-nilpotent multiplier of L, c  1, to be
M(c)(L) = (R ∩ γc+1(F ))/γc+1(R, F ),
where γc+1(F ) is the (c + 1)-th term of the lower central series of F and γ1(R, F ) = R , γc+1(R, F ) =
[γc(R, F ), F ]. This is analogous to the deﬁnition of the Baer-invariant of a group with respect to the
variety of nilpotent groups of class at most c given by Baer [1] (see [4,8,9,11,12] for more information
on the Baer invariant of groups). The Lie algebraM(1)(L) =M(L) is the most studied Schur multiplier
of L (see for instance [2,3,14,15]). It is readily veriﬁed that the Lie algebra M(c)(L) is abelian and
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inequalities for the dimension of the c-nilpotent multiplier of ﬁnite-dimensional Lie algebras and
their factor Lie algebras. Also, we present numerical bounds for the dimension of the c-nilpotent
multiplier. An interesting corollary is an explicit bound for dim(γc+1(L)) given that L/Zc(L) is a ﬁnite-
dimensional nilpotent Lie algebra with prescribed dimension and number of generators, where Zc(L)
is the c-th centre of L. Finally, some sharper upper bound than the known one is constructed for the
dimension of the Schur multiplier of ﬁnite-dimensional nilpotent Lie algebras.
Notation. Let L2 = γ2(L), Φ(L) and d(L) denote the derived subalgebra, the Frattini subalgebra,
and the minimal number of generators of the Lie algebra L, respectively. We deﬁne [l1, l2, . . . , ln] =
[. . . [[l1, l2], l3], . . . , ln], for n  2 and all elements li ∈ L. Also, an ideal M in L is called c-central if
γc+1(M, L) = 1 (or equivalently, M ⊆ Zc(L)).
In the following we recall the notions of the basic commutators on a given set and the non-abelian
exterior product of Lie algebras, and study their connections with the c-nilpotent multiplier.
Let F be a free Lie algebra on the set X = {x1, x2, . . . , xd}. Then the basic commutators in F are
inductively deﬁned as follows: The generators x1, x2, . . . , xd are basic commutators of length one and
ordered by setting xi < x j if i < j. If all the basic commutators ci of length less than k, where k > 1
is integer, have been deﬁned and ordered, then we deﬁne the basic commutators of length k to be
all commutators of the form [ci, c j] such that the sum of lengths of ci and c j is k, ci > c j and if
ci = [cs, ct], then c j  ct . The basic commutators of length k follow those of lengths less than k in any
order with respect to each other. Basic commutators will be numbered so that they will be ordered
by their subscripts.
A.I. Shirshov [18] indicated that the set of all basic commutators on X is a basis of F . Also, it is
shown in [6] that the number of basic commutators on X of length n, denoted by ld(n), is obtained
by the following formula
ld(n) = 1n
∑
m|n
μ(m)d
n
m ,
where μ(m) is the Möbius function, deﬁned by μ(1) = 1, μ(k) = 0 if k is divisible by a square, and
μ(p1 . . . ps) = (−1)s if p1, . . . , ps are distinct prime numbers.
From the above explanations, we conclude the following result.
Lemma 1.1. By the above notations and assumptions, the factor γn(F )/γn+1(F ) is an abelian Lie algebra of
dimension ld(n), and any element of the form [xi1 , xi2 , . . . , xin ] with xi j ∈ X (1  i  d) is precisely a linear
combination of basic commutators on X of length n.
The following proposition extends [13, Lemma 23] to c  1.
Proposition 1.2. Let L be an abelian Lie algebra of dimension n. Then dim(M(c)(L)) = ln(c+1). In particular,
dim(M(L)) = 12n(n − 1).
Proof. Consider a free Lie algebra F freely generated by n elements. By Lemma 1.1, F/F 2 is an abelian
Lie algebra of dimension n, and so it is isomorphic to L. Hence M(c)(L) = γc+1(F )/γc+2(F ), which
gives the result. 
Let M and L be two Lie algebras. We say that L acts on M if there is a Λ-bilinear map L×M → M ,
(l,m) → lm, satisfying
[l,l′]m = l(l′m)− l′(lm) and l[m,m′] = [lm,m′]+ [m, lm′],
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in P , then the Lie multiplication in P induces an action of L on M . In fact, l ∈ L acts on m ∈ M by
lm = [l,m].
A crossed module is a Lie homomorphism λ : M → L together with an action of L on M such that
λ(lm) = [l, λ(m)] and λ(m)m′ = [m,m′], for all m,m′ ∈ M , l ∈ L. If M is an ideal in L, then the inclusion
map M ↪→ L is a crossed module. Also, if N is another ideal in L such that [M,N] = 0, then the natural
map M → L/N is a crossed module. In this case, l + N ∈ L/N acts on m ∈ M by (l+N)m = lm. Further,
suppose that F is a free Lie algebra with an ideal R such that the quotient F/R is isomorphic to L.
Then one can easily verify that the canonical homomorphism F/γc(R, F ) → L is a crossed module in
which an element l ∈ L acts on an element f = f + γc(R, F ) in F/γc(R, F ) by l f = [l¯, f ], where l¯ is
any lift of l in F/γc(R, F ).
Let λ : M → K and μ : L → K be two crossed modules. Let M and L act on each other, and on
themselves by Lie multiplication. Following [5] we say that these actions are compatible if (
lm)l′ = l′ (ml)
and (
ml)m′ = m′ (lm), for all m,m′ ∈ M and l, l′ ∈ L. The non-abelian exterior product M ∧ L is the Lie
algebra generated by the symbols m ∧ l (m ∈ M, l ∈ L) subject to the relations
c(m ∧ l) = cm ∧ l =m ∧ cl, mm′ ∧ l =m ∧m′ l −m′ ∧ml,
(m +m′) ∧ l =m ∧ l +m′ ∧ l, m ∧l l′ = l′m ∧ l − lm ∧ l′,
m ∧ (l + l′) =m ∧ l +m ∧ l′, [(m ∧ l), (m′ ∧ l′)]= −lm ∧m′ l′,
m ∧ l = 0 whenever λ(m) = μ(l)
for all c ∈ Λ, m,m′ ∈ M and l, l′ ∈ L. Also, for any Lie algebra P , a bilinear function ϕ : M × L → P is
called an exterior Lie pairing if for all m,m′ ∈ M and l, l′ ∈ L,
ϕ
([m,m′], l)= ϕ(m,m′ l)− ϕ(m′,ml), ϕ(m, [l, l′])= ϕ(l′m,k)− ϕ(lm, l′),
ϕ
(lm,m′ l′)= −[ϕ(m, l),ϕ(m′, l′)], ϕ(m, l) = 0 if λ(m) = μ(l).
It is easily seen that the exterior Lie pairing ϕ induces a unique Lie homomorphism ϕ∗ : M ∧ L → P
such that ϕ∗(m ∧ l) = ϕ(m, l) for all m ∈ M and l ∈ L. Also, in view of [5, Proposition 4], if M and N
are ﬁnite-dimensional, then so is M ∧ N .
The following lemma is a routine extension of [5, Proposition 9].
Lemma 1.3. Let σ1 : M → P and σ2 : L → Q be Lie homomorphisms, Suppose that M and L, P and Q act on
each other in a compatible way, and σ1, σ2 preserve the actions in the sense that σ1(lm) = σ2(l)(σ1(m)) and
σ2(
ml) = σ1(m)(σ2(l)), for all m ∈ M and l ∈ M. Then there is a unique homomorphism σ1 ⊗ σ2 : M ∧ L →
P ∧ Q such that σ1 ∧ σ2(m ∧ l) = σ1(m) ∧ σ2(l) for all m ∈ M, l ∈ L. Furthermore, if σ1 , σ2 are onto then so
is σ1 ∧ σ2 .
Let M be an ideal in the Lie algebra L. Then the Lie algebras L and M ∧ L act compatibly on each
other as follows
l′(m ∧ l) = l′m ∧ l +m ∧ l′ l and tl = μ1M (t)l,
where t ∈ M ∧ L, l ∈ L and μ1M is a Lie epimorphism from M ∧ L onto [M, L] given by μ1M(m ∧ l) =[m, l]. We can thus construct the triple exterior product (M∧ L)∧ L. It is obvious that the construction
preserves compatibility of actions, and that it can be repeated to form the exterior product M∧c+1 L =
(. . . ((M ∧ L)∧ L)∧ · · · ∧ L), c  1, involving c copies of L and one copy of M . Similarly, if N is another
ideal in L with [M,N] = 0, then we may form the non-abelian exterior product M ∧c+1 (L/N). Using
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j
M : M ∧ j L → [M, j L] given by
μ
j
M(m ∧ l1 ∧ · · · ∧ l j) = [m, l1, . . . , l j]. Evidently, ker(μ jM) = M ∧ j L when M is j-central.
The following proposition is very useful in our further investigation.
Proposition 1.4. Let L be a Lie algebra with a free presentation 0 → R → F π→ L → 0, and M be an ideal in L.
Let M ∼= S/R for some suitable ideal S in F , and T j = γ j(S, F )/γ j(R, F ) ( j  1). Then
(i) T j+1 is a homomorphic image of M ∧ j L.
(ii) If M is n-central and K = L/γn+1(L), then T j+1 is a homomorphic image of M ∧ j K .
Proof. (i) Using induction on j, we ﬁrst show that [I, γ j(S, F )] ⊆ γ j(I, F ), for all ideals I in F . The
result is trivially true for j = 1. Assume that the result holds for j  1. Then for any ideal I in F , we
have
[
I, γ j+1(S, F )
]⊆ [γ j(S, F ), [F , I]]+ [F , [I, γ j(S, F )]]
⊆ γ j
([I, F ], F )+ [F , γ j(I, F )]
= γ j+1(I, F ).
So, the Lie algebras L and T j act compatibly on each other by the following well-deﬁned actions
l(x+ γ j(R, F ))= [ f , x] + γ j(R, F ) and (x+γ j(R,F ))l = π([x, f ]), (1)
where l ∈ L, x ∈ γ j(S, F ) and f is a pre-image of l under π . Also, the map λ : T j → L induced by π
together with the above action of L on T j , and the identity map IdL : L → L are crossed modules. The
bilinear map ϕ j from T j × L onto T j+1 given by ϕ j(x+γ j(R, F ), l) = [x, f ]+γ j+1(R, F ), is an exterior
Lie pairing and consequently, it induces an epimorphism ϕ¯ j : T j ∧ L → T j+1. Thus, Lemma 1.3 gives
an epimorphism ϕ¯ j ∧ IdL : (T j ∧ L) ∧ L → T j+1 ∧ L. Now, the result obtains by induction on j.
(ii) By the assumption, γn+1(S, F ) ⊆ R and then
[
γ j(S, F ), γn+1(F )
]⊆ γ j+n+1(S, F ) ⊆ γ j+1(R, F ).
So, the action of γn+1(F ) on T j is trivial and the Lie algebras L/γn+1(L) and T j act compatibly on
each other by the induced actions of (1). Now, as part (i), there exist the epimorphisms T j ∧K → T j+1
and M ∧ j K → T j+1. 
Corollary 1.5. By the assumptions and notations in Proposition 1.4, the factor Lie algebra (R ∩ γ j+1(S, F ))/
γ j+1(R, F ) is a homomorphic image of ker(μ jM).
Proof. By the above proposition, there is an epimorphism α j : M ∧ j L → T j+1 such that the following
diagram is commutative
0 −−−−→ kerμ jM −−−−→ M ∧ j L
μ
j
M−−−−→ [M, j L] −−−−→ 0⏐⏐α j |
⏐⏐α j
⏐⏐∼=
0 −−−−→ R∩γ j+1(S,F )γ j+1(R,F ) −−−−→ T j+1 −−−−→
γ j+1(S,F )
R∩γ j+1(S,F ) −−−−→ 0
where α j | is the restriction of α j on ker(μ jM). Clearly, α j | is onto. 
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The following proposition plays a fundamental role in obtaining the results of this section, which
is similar to the work of Lue (1976) for the group case.
Proposition 2.1. Let M be an ideal in a Lie algebra L. Then the following sequences are exact:
(i) ker(μcM) →M(c)(L)
θ→M(c)( LM ) → M∩γc+1(L)γc+1(M,L) → 0;
(ii) M ∧c Lγn+1(L) →M(c)(L)
θ→M(c)( LM ) → M ∩ γc+1(L) → 0, under the condition that M is n-central
with n c.
Proof. Let 0 → R → F → L → 0 be a free presentation of L and M ∼= S/R , for some ideal S of L. The
inclusion maps
R ∩ γc+1(S, F ) ⊆−→ R ∩ γc+1(F ) ⊆−→ S ∩ γc+1(F ) ⊆−→
(
S ∩ γc+1(F )
)+ R,
induce the following exact sequence of homomorphisms
0 → R ∩ γc+1(S, F )
γc+1(R, F )
→ R ∩ γc+1(F )
γc+1(R, F )
→ S ∩ γc+1(F )
γc+1(S, F )
→ (S ∩ γc+1(F )) + R
γc+1(S, F ) + R → 0.
Note that γc+1(S, F ) ⊆ γn+1(S, F ) ⊆ R when M is n-central with n  c. Now, using Proposition 1.4
and Corollary 1.5, parts (i) and (ii) follow. 
The following is an immediate consequence of Proposition 2.1.
Corollary 2.2. Let M be an ideal of a ﬁnite-dimensional Lie algebra L. Then
(i) The Lie algebraM(c)(L) is ﬁnite-dimensional.
(ii) dim(M(c)( LM )) dim(M(c)(L)) + dim(M∩γc+1(L)γc+1(M,L) ).
(iii) dim(M(c)(L)) + dim(M ∩ γc+1(L)) = dim(M(c)( LM )) + dim( γc+1(S,F )γc+1(R,F ) ), where F , R, S are deﬁned in
the proof of Proposition 2.1.
In particular, dim(M(c)(L)) + dim(γc+1(L)) = dim(γc+1( Fγc+1(R,F ) )).
(iv) If the c-nilpotent multiplier of L is trivial, thenM(c)( LM ) ∼= M∩γc+1(L)γc+1(M,L) .
(v) If M is n-central with n c, then
dim
(M(c)(L))+ dim(M ∩ γc+1(L)) dim
(
M(c)
(
L
M
))
+ dim
(
M ∧c L
γn+1(L)
)
.
Proof. We prove only part (iii).
By Proposition 2.1(i), dim(M(c)(L)) = dim(K )+dim( R∩γc+1(S,F )γc+1(R,F ) ) and
M(c)(L/M)
K
∼= M∩γc+1(L)γc+1(M,L) , where
k = Im(θ) as in Proposition 2.1. So
dim
(
M ∩ γc+1(L)
)+ dim(M(c)(L))= dim
(
M(c)
(
L
M
))
+ dim(γc+1(M, L))
+ dim
(
R ∩ γc+1(S, F )
γ (R, F )
)
.c+1
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(R ∩ γc+1(S, F ))/γc+1(R, F )
∼= γc+1(S, F )
R ∩ γc+1(S, F )
∼= γc+1(M, L).
Hence dim(M(c)(L))+dim(M∩γc+1(L)) = dim(M(c)( LM ))+dim( γc+1(S,F )γc+1(R,F ) ), which proves part (iii). 
When c = 1, Corollary 2.2(v) generalizes [7, Proposition 2] and [14, Corollary 4.2(ii)].
As a preparation for the next result we introduce the concept of c-cover for an arbitrary Lie alge-
bra.
An exact sequence 0 → M → L∗ → L → 0 of Lie algebras is called a c-stem cover of L if M ⊆
Zc(L∗)∩γc+1(L∗) and M ∼=M(c)(L). In this case, L∗ is said to be a c-cover (or c-covering algebra) of L.
In particular, if c = 1, we obtain the usual deﬁnition of cover. Batten and Stitzinger in [2] showed the
existence of covers for ﬁnite-dimensional Lie algebras. One should note that, in general, Lie algebras
might not possess a c-cover. For example, abelian Lie algebras of dimension at least 2 admit no c-
cover when c  2. However, the following result indicates the existence of c-covers for c-perfect Lie
algebras (recall that a Lie algebra L is c-perfect if γc+1(L) = L).
Proposition 2.3. Any c-perfect Lie algebra admits at least one c-cover.
Proof. Let L be a c-perfect Lie algebra with the free c-central extension
0 → R
γc+1(R, F )
→ F
γc+1(R, F )
π→ L → 0.
Since π(γc+1(F )/γc+1(R, F )) = L, by restricting π to the factor algebra γc+1(F )/γc+1(R, F ) we infer
the following c-central extension of L
0 →M(c)(L) → γc+1(F )
γc+1(R, F )
→ L → 0. (2)
On the other hand, using the c-perfectness of L, we conclude that F = γc+1(F ) + R and then
γc+1(F ) = γc+1(γc+1(F )) + γc+1(R, F ), that is, the factor γc+1(F )/γc+1(R, F ) is c-perfect. Therefore
the extension (2) is a c-stem cover of L. 
The following interesting corollary gives a characterization of c-covers of ﬁnite-dimensional c-
perfect Lie algebras. For c = 1, the result reduces to [15, Theorem 2.2].
Corollary 2.4. Let L∗ be a c-cover of a ﬁnite-dimensional c-perfect Lie algebra. ThenM(c)(L∗) is trivial.
Proof. By the deﬁnition of cover, there is an ideal M in L∗ such that L∗/M ∼= L, M ⊆ Zc(L∗)∩γc+1(L∗)
and M ∼=M(c)(L). As M is c-central and L = γc+1(L), Corollary 2.2(v) implies thatM(c)(L∗) = 0. 
In the following, we assume the ﬁeld Λ to be of characteristic zero, and present some lower and
upper bounds for the c-nilpotent multiplier of ﬁnite-dimensional nilpotent Lie algebras. The part (i)
of this result is similar to the work of Burns and Ellis (1998) in the case of groups.
Theorem 2.5. Let L be a ﬁnite-dimensional nilpotent Lie algebra of class m. Let d = d(L) and dim(γi+1(L)) =
ni for i  1. Then
(i) ld(c + 1) dim(M(c)(L)) + dim(γc+1(L)) ld(c + 1) + ncd + nc−1d2 + · · · + n1dc .
(ii) dim(M(c)(L))∑mk=1 ld(k + c).
The lower and upper bounds are attained when L is abelian.
A.R. Salemkar et al. / Journal of Algebra 322 (2009) 1575–1585 1581Proof. (i) By [10, Corollary 2], Φ(L) = L2 and the elements of Φ(L) are non-generator. So L/L2 is an
abelian Lie algebra of dimension d, and hence the lower bound follows from Corollary 2.2(ii) with
M = L2 and Proposition 1.2.
To prove the upper bound, let 0 → R → F → L → 0 be a free presentation of L. Proposition 2.1(i)
with M = L2 yields the following exact sequence
L2 ∧c L → γc+1(F )
γc+1(R, F )
→ γc+1(F )
γc+1(R + F 2, F ) → 0.
Thus, by Lemma 1.1, Corollary 2.2(iii) and [16, Corollary 3.5],
dim
(M(c)(L))+ dim(γc+1(L))= dim
(
γc+1(F )
γc+1(R, F )
)
 dim
(
L2 ∧c L)+ dim
(
γc+1(F )
γc+1(R + F 2, F )
)
 dim
(
L2 ∧c L)+ dim
(
γc+1(F )
γc+2(F )
)
 ld(c + 1) + ncd + nc−1d2 + · · · + n1dc,
which completes the proof.
(ii) Owing to Proposition 1.2, the result holds for m = 1. So, assume that m > 1. We choose a free
Lie algebra F with ideal R such that the quotient F/R is isomorphic to L. Using the hypothesis, it is
seen that γc+m+1(F ) is contained in γc+1(R, F ) ∩ γc+m(F ) and hence
dim
(
γc+m(F )
γc+1(R, F ) ∩ γc+m(F )
)
 dim
(
γc+m(F )
γc+m+1(F )
)
= ld(c +m).
On the other hand, setting M = γm(L) in Proposition 2.1(i) it follows that
dim
(M(c)(L)) dim
(
M(c)
(
L
γm(L)
))
+ dim
(
γc+m(F )
γc+1(R, F ) ∩ γc+m(F )
)
.
Now the result is obtained by the latter inequality and the inductive on m. 
Using Theorem 2.5(i), we deduce a numerical bound for the dimension of γn+1(L) in terms of the
dimension and the number of generators of the factor Lie algebra L/Zc(L).
Corollary 2.6. Let K be a Lie algebra over the ﬁeld Λ of characteristic zero. If L = K/Zc(K ) satisﬁes the
conditions stated in Theorem 2.5, then
dim
(
γc+1(K )
)
 ld(c + 1) + ncd + nc−1d2 + · · · + n1dc.
Proof. Let F/R ∼= K be a free presentation of K and S/R ∼= Zc(K ), for suitable ideal S in F . There is
a canonical surjection γc+1(F )/γc+1(S, F ) → γc+1(K ) and then
dim
(
γc+1(K )
)
 dim
(
γc+1(F )
γc+1(S, F )
)
= dim(M(c)(L))+ dim(γc+1(L)).
Now the result follows by Theorem 2.5(i). 
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the dimension of the factor K/Zc(K ). This is a vast generalization of [13, Lemma 14].
Proposition 2.7. Let K be a Lie algebra with dim(K/Zc(K )) = n. Then the dimension of γc+1(K ) is at most
ln(c + 1).
Proof. Assume that {x1, x2, . . . , xn} is a basis for K/Zc(K ). Then each element of K may be expressed
as (
∑n
i=1 cixi) + z, where ci ’s are in Λ and z ∈ Zc(K ). Using Lemma 1.1, it is easily seen that all
generators of γc+1(K ) may be represented as linear compositions of basic commutators on the set
{x1, x2, . . . , xn} of length c + 1. Therefore dim(γc+1(K )) ln(c + 1). 
In the following corollary, we conclude that, under some condition, the converse of Proposition 1.2
holds.
Corollary 2.8. Let L be a Lie algebra of dimension n. Then
(i) dim(M(c)(L)) + dim(γc+1(L)) ln(c + 1).
In particular, dim(M(L)) dim(M(L)) + dim(L2) 12n(n − 1).
(ii) If dim(M(c)(L)) = ln(c + 1), then
(a) there is an epimorphismM(c)(L) θ→M(c)(L/L2), which is obtained from Proposition 2.1(ii) with
M = L2;
(b) if ker θ = 0, then L is abelian.
Proof. (i) We have
dim
(
F/γc+1(R, F )
Zc(F/γc+1(R, F ))
)
 dim
(
F/γc+1(R, F )
R/γc+1(R, F )
)
= n,
where F/R ∼= L is a free presentation of L. So, the bound of the corollary follows from Corollary 2.2(iii)
and Proposition 2.7.
(ii) By the assumption and part (i), we drive that γc+1(L) = 0 and θ is onto. Now, if ker θ = 0, then
dim(M(c)(L/L2)) = dim(M(c)(L)) = ln(c + 1). As dim(L/L2) n, part (i) implies that L2 = 0. 
When c = 1, Corollary 2.8(i) reduces to [7, Proposition 1].
3. Some inequalities on dim(M(L))
In this section, we consider Lie algebras over the ﬁeld Λ of characteristic zero, and present an
upper bound for dim(L2 ∩ Z(L)) of a ﬁnite-dimensional nilpotent Lie algebra L. Using this result, we
obtain some inequalities for the derived subalgebra and the Schur multiplier of such Lie algebras.
Theorem 3.1. Let L be a ﬁnite-dimensional nilpotent Lie algebra. Let K be a ﬁnite-dimensional Lie algebra with
central ideal Z such that L ∼= K/Z . Then
dim
(
K 2 ∩ Z(K )) dim
(
M
(
L
L2
))
+ dim(L2)
(
d
(
L
Z(L)
)
− 1
)
.
Proof. We proceed by induction on dim(L2). If dim(L2) = 0, then the result follows by Propo-
sitions 1.2 and 2.7. Now let dim(L2) = m > 0 and the result holds for any Lie algebra P with
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(K 2+ Z(K )), and so there exists an element x ∈ (Z2(K )∩(K 2+ Z(K )))− Z(K ). Clearly, the adjoint map
adx : K → K 2 is a Lie homomorphism such that Z(K ) ⊂ ker(adx) = CK (x), 0 = Im(adx) ⊆ Z(K ) ∩ K 2
and Z2(K ) ⊆ ker(adx). Hence adx induces the Lie homomorphism adx : K/Z2(K ) → [x, K ]. Using the
assumptions and [10, Corollary 2], Φ(K/Z2(K )) = (K/Z2(K ))2 ⊆ keradx , and then
dim[x, K ] dim K/Z2(K )
Φ(K/Z2(K ))
= d
(
K
Z2(K )
)
= d
(
L
Z(L)
)
. (3)
Now, set N = [x, K ], K ∗ = K/N and L∗ = K ∗/Z(K ∗). Since Z(K )/N ⊂ Z(K ∗), the mapping
ϕ : K/Z(K ) → L∗ given by ϕ(k + Z(K )) = (k + N) + Z(K ∗) is an Lie epimorphism with kerϕ = 0.
It is easily veriﬁed that dim(M(L∗/L∗2)) dim(M(L/L2)), d(L∗/Z(L∗)) d(L/Z(L)), and dim(L∗2) <
dim(L2) =m.
Now, by induction hypothesis
dim
(
K ∗2 ∩ Z(K ∗)) dim
(
M
(
L∗
L∗2
))
+ dim(L∗2)
(
d
(
L∗
Z(L∗)
)
− 1
)
 dim
(
M
(
L
L2
))
+ (dim(L2)− 1)
(
d
(
L
Z(L)
)
− 1
)
.
But dim(K 2 ∩ Z(K )) < dim(K ∗2 ∩ Z(K ∗)) + dim(N). Therefore
dim
(
K 2 ∩ Z(K )) dim
(
M
(
L
L2
))
+ (dim(L2)− 1)
(
d
(
L
Z(L)
)
− 1
)
+
(
d
(
L
Z(L)
)
− 1
)
= dim
(
M
(
L
L2
))
+ dim(L2)
(
d
(
L
Z(L)
)
− 1
)
,
which completes the proof. 
In view of the above theorem we can obtain the following corollary.
Corollary 3.2. Let L be a ﬁnite-dimensional nilpotent Lie algebra. Then for each Lie algebra K with
L ∼= K/Z(K ),
dim
(
K 2
)
 dim
(
M
(
L
L2
))
+ dim(L2)d
(
L
Z(L)
)
.
The next corollary gives an upper bound for the dimension of the Schur multiplier of ﬁnite-
dimensional nilpotent Lie algebras, which was already proved in Yankosky [19] using another tech-
nique.
Corollary 3.3. Let L be a ﬁnite-dimensional nilpotent Lie algebra. Then
dim
(M(L)) dim
(
M
(
L
L2
))
+ dim(L2)
(
d
(
L
Z(L)
)
− 1
)
.
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dim
(M(L)) dim(L∗2 ∩ Z(L∗)) dim
(
M
(
L∗
L∗2
))
+ dim(L∗2)
(
d
(
L∗
Z(L∗)
)
− 1
)
 dim
(
M
(
L
L2
))
+ dim(L2)
(
d
(
L
Z(L)
)
− 1
)
,
which is the desired inequality. 
Note that for the ﬁnite-dimensional nilpotent Lie algebra L of class m  2, the upper bound ob-
tained for dim(M(L)) in Corollary 3.3 is sharper than the one in Corollary 2.8(i), for c = 1. Because,
we have
1
2
dim(L)
(
dim(L) − 1)= 1
2
(
dim
(
L2
)+ dim
(
L
L2
))(
dim
(
L2
)+ dim
(
L
L2
)
− 1
)
= 1
2
dim
(
L
L2
)(
dim
(
L
L2
)
− 1
)
+ 1
2
dim
(
L2
)(
dim
(
L2
)− 1)
+ dim(L2)dim
(
L
L2
)
= dim
(
M
(
L
L2
))
+ 1
2
dim
(
L2
)(
dim
(
L2
)− 1)+ dim(L2)dim
(
L
L2
)
,
and hence
1
2
dim(L)
(
dim(L) − 1)−
(
dim
(
M
(
L
L2
))
+ dim(L2)
(
d
(
L
Z(L)
)
− 1
))
= 1
2
dim
(
L2
)(
dim
(
L2
)− 1)+ dim(L2)
(
d(L) − d
(
L
Z(L)
)
+ 1
)
> 0.
Similarly, it can be shown that the upper bound given in Corollary 3.2 is better than the one in
Proposition 2.7 when c = 1.
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